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Abstract

There are two main branches of reinforcement learning: methods that search di-
rectly in the space of value functions that asses the utility of the behaviors (Temporal
Difference Methods); and methods that search directly in the space of behaviors (Pol-
icy Search Methods). When applying Temporal Difference (TD) methods in domains
with very large or continuous state spaces, the experience obtained by the learning
agent in the interaction with the environment must be generalized. The generalization
can be carried out in two different ways. On the one hand by discretizing the environ-
ment to use a tabular representation of the value functions (e.g. Vector Quantization
Q-Learning algorithm). On the other hand, by using an approximation of the value
functions based on a supervised learning method (e.g. CMAC Q-Learning algorithm).
Other algorithms use both approaches to benefit from both mechanisms, allowing a
higher performance. This is the case of the Two Step Reinforcement Learning algo-
rithm. In the case of Policy Search Methods, the Evolutionary Reinforcement Learn-
ing algorithm has shown promising in RL tasks. All these algorithms present different
ways to tackle the problem of large or continuous state spaces. In this chapter, we or-
ganize and discuss different generalization techniques to solve this problem. Finally,
we demonstrate the usefulness of the different algorithms described to improve the
learning process in the Keepaway domain.
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1. Introduction

Many model-free Reinforcement Learning (RL) techniques rely on learning value func-
tions. Ideally, we could assume that the estimated values of the value function could be
represented as a look-up table with one entry for each state or state-action pair. However,
complex (most real world) domains represent a challenge to the use of such tables, because
they usually have continuous (or very large) state/action spaces. This fact poses two prob-
lems: the size of the state-action tables (presenting unrealistic memory requirements); and
the correct use of the experience (an agent is not able to visit all states or state-action pairs,
or the time needed to fill the look-up table easily becomes too large). This problem is known
as the curse of dimensionality and requires some form of generalization. Generalization
techniques have been extensively studied before the popularity of RL [52], so many of the
existing generalization methods are commonly combined with RL. Some approaches have
used decision trees [11], neural networks [30], or variable resolution dynamic program-
ming [38]. Another alternative consists on discretizing the continuous variables. Then, the
new discrete version of the problem is solved with RL techniques. However, if we choose
a bad discretization of the state space, we might introduce hidden states into the problem,
making it impossible to learn the optimal policy. If we discretize too fine grain, we loose
the ability to generalize and increase the amount of training data that we need. This is es-
pecially important when the task state is multi-dimensional, where the number of discrete
states can be exponential in the state dimension.

Thus, it seems reasonable to replace the discrete look-up tables of many RL algorithms
with function approximators or by discretizing the environment to use a reduced tabular
representation of the value functions, capable of handling continuous variables in several
dimensions and generalizing across similar states.

All these traditional techniques require a policy representation through state enumera-
tion. Another group of techniques perform a direct policy search. These methods are often
more applicable to problems with large or infinite state spaces, because they do not need a
policy representation through state enumeration. Policy search methods represent a policy
through a set of parameters, θ. This set of parameters can be expressed in different ways
(e.g. weights in a neural network), which generally increase linearly in both the number
of dimensions and the size of these dimensions. For this reason, policy search methods are
always more amenable to problems whose state space is large or infinite.

The goal of this chapter is to introduce the reader to the generalization problem in
complex RL domains and to organize and discuss different generalization techniques to
solve this problem. We will review and compare Vector Quantization (VQ) [14], CMAC [3],
other generalizations techniques such as decision trees [15] and regression trees [32], and a
policy search method [20]. All these techniques, coupled with RL methods, will be applied
in the Keepaway Soccer Task [50].

The remainder of the chapter is organized as follows. Section 2 begins with a brief
summary of the generalization problem, introducing some of the main approaches used.
Section 3 describes how vector quantization is used to solve the generalization problem in
the Vector Quantization Q-Learning (VQQL) algorithm. The CMAC Q-Learning algorithm
is shown in Section 4. Section 5, where the Two Step Reinforcement Learning algorithm
(2SRL) is reviewed, shows two approaches based, one on supervised learning function
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approximation (ISQL), and the other on state space discretizations. Section 6 overviews the
Evolutionary RL method and Section 7 describes the keepaway task and presents empirical
results on the benchmark version of this task for the different algorithms described. Section
8 concludes.

2. Related Work

In [23], the authors characterize two main branches of RL: methods that search directly in
the space of value functions that measure the utility of the behaviors (Temporal Difference
Methods); and methods that search directly in the space of behaviors (Policy Search Meth-
ods). The authors focuses entirely on the first set of methods. Temporal difference (TD)
methods are one popular way to solve RL problems, that learn a value function that esti-
mates the expected reward for taking an action in a particular state. Policy search methods
can also address RL problems by searching in the space of behaviors for one that receives
the maximal reward [53].

When applying TD methods in domains with very large or continuous state spaces, the
experience generated by the learning agent during its interaction with the environment must
be generalized. The generalization methods are often based on the approximation of the
value functions used to calculate the action policy and tackled in two different forms [46].
On the one hand, by discretizing the state space to use a tabular representation of the value
functions. On the other hand, by using an approximation of the value functions based on a
supervised learning method.

The first one consists on discretizing the state space to obtain a compacted and discrete
one, so tabular representations of the value functions can be used. Uniform discretization
has reached good results [41], but only in domains with few features describing the states,
where a high resolution does not increase the number of states very much. A very large
state space produces unpractical computational requirements, and unpractical amounts of
experience in model based methods [44].

Continuous U Trees has also been used for discretizing the state space [58]. Thus,
the Continuous U Tree transfers traditional regression trees techniques to RL techniques.
In [28], the authors try to improve the applicability and efficacy of RL algorithms by adap-
tive state space partitioning. They proposed the TD learning with adaptive vector quan-
tization algorithm (TD-AVQ) wich is an online method and does not assume any priori
knowledge with respect to the learning task and environment. The paper [5] introduces
new techniques for abstracting the state space of a Markov Decision Process (MDP). These
techniques extend one of the minimization models, known as ε − reduction, to build a
partition space. The state space built has a smaller number of states than the original MDP.
As a result, the learning policies on the state space built should be faster than on the original
state space. The discretization approach is used in Section 3., where the VQQL algorithm
is described.

The second approach for learning the Q function is based on the supervised learning of
tuples < s, a, qs,a >, where s is a state, a is an action, and qs,a is the Q̂ value approximated
for the state s and the action a. Any supervised learning method can be used, each of them
with a set of parameters θ to be computed [9; 57; 7]. Many different methods of function
approximation have been used successfully, including CMACs, radial basis functions, and
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neural networks [52]. This approach is studied in Section 4. where a CMAC is used as
function approximation, and in Section 5., where we define the Iterative Smooth Q-Learning
(ISQL) algorithm, based on the Smooth Value Iteration algorithm [22], which will be tested
using different function approximators.

Policy search methods, are a reasonable alternative to TD methods. The general
idea behind these methods is to search for the optimal policy in the space of all pos-
sible policies (behaviors) by directly examining different policy parameterizations, by-
passing the assignment of the value. In [29], the authors discuss direct search meth-
ods for unconstrained optimization. They give a modern perspective on this classi-
cal family of algorithms. In [40], they focus on the application of evolutionary algo-
rithms to the RL problem, emphasizing alternative policy representations, credit assign-
ment methods, and problem-specific genetic operators. Some strengths and weaknesses
of the evolutionary approach to RL are discussed, along with a survey of representa-
tive applications. In [45], the authors present a method for structuring a robot mo-
tor learning task. By designing a suitably parameterized policy, they show that a sim-
ple search algorithm, along with biologically motivated constraints, offers a competitive
means for motor skill acquisition. Surveys of policy search methods can be found in [1;
43]. This approach is used in Section 6., where the evolutionary RL algorithm is described.

3. Vector Quantization and RL

Vector Quantization (VQ) is a clustering method that permits to find a more compact rep-
resentation of the state space. VQ appeared as an appropiate way of reducing the number
of bits needed to represent and transmit information [17]. This technique is extensively
employed for signal analog-to-digital conversion and compression, which have common
characteristics to MDP problems. VQ is based on the principle of block coding. In the past,
the design of a vector quantizer was considered to be a challenging problem due to the need
for multi-dimensional integration. In [31], the authors proposed a VQ design algorithm
based on a training sequence. A VQ that is designed using this algorithm is cited in the
literature as LBG-VQ (which refers to the initials of the authors: Linde, Buzo and Gray).
In the case of large state spaces in RL, the problem is analogous: how can we compactly
represent a huge number of states with very few information?. As an example, RL and VQ
are used in [59] for image compression. In that work, they present the FRLVQ algorithm
(Fuzzy Reinforcement Learning Vector Quantization) which is based on the combination of
fuzzy K-means clustering and topology knowledge. In each iteration of the RL algorithm,
the size and direction of the movement of a codevector is decided by the overall pair-wise
competition between the attraction of each training vector and the repellent force of the
corresponding winning codevector. In [14], VQ is applied again to the RL problem. The
authors present the VQQL model, that integrates Q-Learning as the RL technique, and VQ
as state generalization technique. They use the Generalized Lloyd Algorithm, a numerical
clustering method, for the design of vector quantizers. Figure 1 shows how to represent the
action policy following this approach.

Next, we review how to apply VQ to RL. First, we review the main concepts of VQ
and, then, the VQQL algorithm is described in detail.
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Figure 1. Generalization by discretizing the environment, and using a tabular representation
of the value functions.

3.1. Vector Quantization

A vector quantizer Q of dimension K and size N is a mapping from a vector (state or action)
in the K-dimensional Euclidean space, Rk, into a finite set C containing N states. Thus,

Q : Rk → C

where C = {y1, y2, ..., yN}, yi ∈ Rk. Given C, and a state x ∈ Rk, V Q(x) assigns x
to the closest state from C,

V Q(x) = arg min
y∈C
{dist(x, y)}

where dist(x, y) is a distance function in the Rk space (typically the euclidean dis-
tance). To design the vector quantizer we use the Generalized Lloyd Algorithm (GLA),
also called k-means. GLA is a clustering technique that consists of a number of iterations,
each one recomputing the set of more appropriate partitions of the input states and their
centroids. The centroids, together with the distance metric, define the Voronoi regions. The
VQQL algorithm uses each of those regions as a unique state, obtaining a state space dis-
cretization, that permits learning with reduced experience. An example of 2-dimensional
VQ is shown in Figure 2. There are 16 partitions and a point associated with each partition.
In this figure, every pair of values falling in a particular partition are approximated by a
grey point associated with that partition.

3.2. VQQL

The integration of VQ and Q-learning yields the VQQL (Vector Quantization Q-Learning)
algorithm, that is shown in Table 1. The vector quantizer is designed from the input data
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Figure 2. Example of Vector Quantizer.

C obtained during an interaction between the agent and the environment. The data set C
is composed of tuples in the form < s1, a, s2, r > where s1 and s2 belong to the state
space S, a belongs to the action space A and r is the immediate reward. In many problems,
S is composed of a large number of features. In these cases, we suggest to apply feature
selection to reduce the number of features in the state space. Feature selection is a technique
for selecting a subset of relevant features for building a new subset. So feature selection is
used to select the relevant features of S to obtain a subset S

′
. This feature selection process

is defined as Γ : S → S′. The set of states s
′ ∈ S′ , C ′s, are used as input for the Generalized

Lloyd Algorithm to obtain the vector quantizer. The vector quantizer V Qs
′

is a mapping
from a vector s

′ ∈ S
′

into a vector s
′ ∈ Ds′ , where Ds′ is the state space discretization

Ds′ = s
′
1, s

′
2, ..., s

′
n for s

′
i ∈ S′.

In the last part of the algorithm, the Q-table is learned from the obtained discretizations
using the set C

′
of experience tuples by equation 1.

Q(st, at)→ Q(st, at) + α[rt+1 + γmaxaQ(st+1, a)−Q(st, at)] (1)

To obtain the set C
′

from C, each tuple in C is mapped to the new representation.
Therefore, every state in C is firstly projected to the space S

′
and then discretized, i.e.

V QS
′
(Γ(S)).

4. CMAC and RL

In RL, though, generalization is commonly achieved through function approximation (as an
instance of supervised learning): by learning weights from a set of features over the agent
past and present perceptions. In this case, CMAC is often used as the approach for function
approximation. CMAC (Cerebellar Model Arithmetic Computer) was originally designed
for robotic systems and today is still widely used [3]. CMAC architecture was motived by
the biological motor control functions of human cerebellum. According to [10], a CMAC
is most closely comparable to a neural network that is trained using back-propagation, but
almost always outperforms the neural network. So, CMAC can be adapted to function as
a data analysis tools beyond its original purpose as robot controller. In [21], the authors
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Table 1. VQQL Algorithm.
VQQL
1. Gather experience tuples

1.1. Generate the set C of experience tuples of the type
< s1, a, s2, r > from an interaction of the agent in the
environment, where s1, s2 ∈ S, a ∈ A and r ∈ < is the
immediate reward.

2. Reduce (optionally) the dimension of the state space
2.1. Let Cs be the set of states in C
2.2. Apply a feature selection approach using Cs to reduce
the number of features in the state space. The resulting
feature selection process is defined as a projection Γ : S → S′

2.3. Set C
′

s = Γ(Cs)
3. Discretize the state space

3.1. Use GLA to obtain a state space discretization,
Ds′ = s

′

1, s
′

2, ..., s
′

n, s
′

i ∈ S
′
, from C

′

s.

3.2. Let V QS
′

: S
′ → Ds′ be the function that, given any state

in S
′
, returns the discretized value in Ds.

4. Learn the Q-Table
4.1. Map the set C of experience tuples to a set C

′
. For

each tuple < s1, a, s2, r > in C, introduce in C
′

the tuple

< V QS
′

(Γ(s1)), a, V QS
′

(Γ(s2)), r >
4.2. Apply the Q-Learning update function defined in
equation 1 to learn a Q table Q: Ds′ × a→ <, using
the set of experience tuples C

′

6. Return Q, Γ and V QS
′

adapted the CMAC algorithm for use in representing a general multi-variable function and
applied the algorithm to mapping a geological surface. The CMAC discretization of the
variable space is quite similar to that used in the Averaged Shifted Histogram (ASH) pro-
posed by [47]. The results presented in [50] indicate that using a CMAC to approximate the
value function led to results that were better than hand-coded approaches.

Thus, CMAC has been widely used for applications in function approximation [3; 2; 4;
13]; in robotics for path planning for manipulators [54; 55]; industrial processes [56]; and
character recognition [35]. CMAC is widely used in robotic control and it has been used
in various adaptative control tasks [34; 37; 27], and it has received extensive attention and
extensive mathematical analysis [36]

CMAC is well known as a good function approximator and it local generalization ability
has been beneficial in RL. In this section, CMAC together with Q-Learning is reviewed.
First, we describe CMAC as function approximation, and later the CMAC-QL algorithm is
described in detail.
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4.1. CMAC

Consider a problem in which the state set is continuous and 2-dimensional. In this case,
a state is a vector with two components. One kind of feature are those corresponding to
circles in state space. If a state is in a circle, then the corresponding feature has the value
1, otherwise the feature has the value 0 [52]. Figure 3 shows an example where the binary
feature vector corresponding to the state S

′
= (S

′
1, S

′
2) is φ(S

′
) = {0, 1, 0, 0, 1, 0}.

Figure 3. Tile coding.

For each state, a vector of binary features is built. This vector represents a coarsely code
for the true location of the state in the space. Representing a state with features that overlap
in this way is known as coarse coding.

CMAC, also known as tile coding, is a form of coarse coding [50; 52]. In CMAC the
features are grouped into partitions of the input state space. Each of such partition is called
a tiling and each element of a partition is called a tile. Each tile is a binary feature. The
tilings are overlaids, each offset from the others. In each tiling, the state is in one tile. In
Figure 4, we present an example of tile-coding which represents a 2-dimensional input state
space S where two tilings were overlaid, each one with an offset from the other of 1/2 of the
tile width. The set of all these active tiles, one per tiling and two per state, is what makes
up the binary feature vector. As an example, the binary features vector for the state (0.38,
0.38) is φs = {00, 01, ..., 15, 06, ..., 126, 027, ..., 031}.

4.2. CMAC-QL

When we combine CMAC with Q-Learning, it results in the CMAC-QL algorithm. In
CMAC-QL, the approximate value function, Qa, is represented not as a table, but in a
parameterized form with a parameter vector ~θt. This means that the approximate value
function Qa totally depends on ~θt. In CMAC, each tile has an associated weight. The set of
all these weights is what makes up the vector ~θ. The approximate value function, Qa(s) is
then computed using equation 2.
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Figure 4. Tile coding.

Qa(s) = ~θT ~φ =
n∑
i=0

θ(i)φ(i) (2)

The CMAC process to compute the Q function is shown in Figure 5.

Figure 5. CMAC process to compute the Q value for an action a.

The Figure 5 shows a vector ~θt of size 32 an a vector of features φs of the same size. The
Q function is computed by the scalar product of these vectors. The CMAC-QL algorithm,
described in Table 2, uses CMAC to generalize the state space. In this case, a data set C is
obtained during an interaction between the agent and the environment. This data set C is
composed of tuples in the same form as in VQQL, < s1, a, s2, r >. Again, s can be also
composed of a large number of features and feature selection can be used to select a subset
S
′

of the relevant features of S. Later, the CMAC is built from C
′
s. For each state variable

x
′
i in s

′ ∈ S′ the tile width and tiles per tiling are selected taking into account their ranges.
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In this chapter, a separate value function for each of the discrete actions is used. Finally, the
Q function is approximated using equation 2.

Table 2. CMAC-QL Algorithm.
CMAC-QL
1. Gather experience tuples

1.1. Generate the set C of experience tuples of the type
< s1, a, s2, r > from an interaction of the agent in the
environment, where s1, s2 ∈ S, a ∈ A and r ∈ < is the
immediate reward.

2. Reduce the dimension of the state space
2.1. Let Cs be the set of states in C
2.2. Apply a feature selection approach using Cs to reduce
the number of features in the state space. The resulting
feature selection process is defined as a projection Γ : S → S′

2.3. Set C
′

s = Γ(Cs)
3. Design CMAC

3.1. Design a CMAC function approximator from C
′

s

4. Approximate the Q function
4.1. Map the set C of experience tuples to a set C ′. For each
tuple < s1, a, s2, r >∈ C, introduce in C ′ the tuple
< Φ(Γ(s1)), a,Φ(Γ(s2)), r > where
Φ is the binary vector of features
4.2. Update the weights vector θ for the action a
using Φ(Γ(s1)), Φ(Γ(s2)) and r.
4.3. Apply the approximate value function defined in
equation 2 to approximate the Q function for the action
a using θ and Φ(Γ(Cs)).

6. Return Q, Γ and θ

5. Decision/Regresion Trees and RL

The value function can be approximated using any general function approximator such as
neural network, or decision/regression trees. Two Steps Reinforcement Learning (2SRL),
uses decision and regression trees as discretization methods of the state space [15]. It com-
putes the action-value function in model free RL. The method assumes a reduced set of
actions and finite trials, where positive and discrete rewards can be obtained only when
a goal area is achieved. It is based on finding discretizations of the state space that are
adapted to the value function being learned, trying to keep the convergence properties of
the discretization methods using non-uniform discretizations [42]. The method is based on
two learning phases. The first one is a model free version of the Smooth Value Iteration
algorithm [22], that is called Iterative Smooth Q-Learning (ISQL). This algorithm, that ex-
ecutes an iterative supervised learning of the Q function, can be used to obtain a state space
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discretization too. This new discretization is used in a second learning phase, that is called
Multiple Discretization Q-Learning (MDQL), to obtain an improved policy.

However, the method presented a main drawback: it requires a discrete reward function.
Using such discrete reward function permits ISQL to learn a function approximation of the
Q function applying classification algorithms such as J48, an algorithm to learn decision
trees [61]. However, many domains, like the Keepaway [50], have continuous reward func-
tions. In this case, 2SRL needs to discretize the reward space by hand, and to test different
discretizations to obtain an accurate one. To apply the same ideas of 2SRL in domains with
continuous rewards requires that the function approximation used in the ISQL phase be a
regression approach. As before, the approximation method should generate a discretization
of the state space, so such discretization can be used in the second learning phase. Fortu-
nately, there are different approaches in the literature for regression that generate state space
discretizations of the input space. Classical ones are M5 [61] or PART [16], which generate
regression trees and regression rules respectively.

In this section, first decision and regression trees are introduced as discretizacion tech-
niques. Finally, the Two Step Reinforcement Learning algorithm is described.

5.1. Decision/Regression Trees

An approach for representing the value function in RL is to use a neural network. This
approach scales better than others, but is not guaranteed to converge and often performs
poorly even on relatively simple problems. Our alternative is to use a decision/regression
tree to represent the value function. Also, decision and regression trees divide the state
space with varying levels of resolution, as shown in Figure 6.

Figure 6. Decision and regression trees allow the state space to be divided.

In a decision tree, each decision node contains a test on the value of some input variable.
The terminal nodes of the tree, the leafs, contain the predicted class values. Examples of
algorithms to build decision trees are ID3, or J48 [61].
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Regression trees may be considered as a variant of decision trees, designed to approxi-
mate real-valued functions instead of being used for classification tasks. A regression tree is
built through a process known as binary recursive partitioning. This is an iterative process
of splitting the data into partitions and then splitting it up further on each of the branches.
The process continues recursively on each branch until an end condition is true, and the
current node becomes a terminal node. Examples of algorithms to build regression trees are
PART [16] and M5 [61].

5.2. Two Steps RL

Two Steps RL (2SRL) computes the action-value function in model free RL. This technique
combines function approximation and discretization in two learning phases:

• ISQL phase: iteratively refines a Q(s, a) function approximation. For each iteration,
it obtains a state space discretization.

• MDQL phase: runs the Q-Learning algorithm using the state space discretization
obtained from the approximation of the Q(s, a) function.

Iterative Smooth Q-Learning algorithm (ISQL) derives from Discrete Value Itera-
tion [8], where a function approximator is used instead of the tabular representation of
the value function. Thus, the algorithm can be used in the continuous state-space case.
The algorithm is described in Figure 7. The update equation of the Q function used is the
stochastic Q-Learning update equation. The figure shows the adapted version of the original
ISQL algorithm that allows continuous rewards.

The algorithm assumes a discrete set of L actions, and hence, it will generate L function
approximators, Qai(s). It requires a collection of experience tuples, T . Different methods
can be applied to perform this exploration phase, from random exploration to human driven
exploration [48]. In each iteration, from the initial set of tuples, T , and using the approxi-
mators Q̂iter−1

ai
(s), i = 1, . . . , L, generated in the previous iteration, the Q-learning update

rule can be used to obtain L training sets, T iterai
, i = 1, . . . , L, with entries of the kind

< sj , cj > where cj is the resulting value of applying the Q update function to the training
tuple j, whose state is sj .

In the first iteration, Q̂0
ai

(s) are initialized to 0, for i = 1, . . . , L, and all s ∈ S. Thus,
when the respective cj are computed, they depend only on the possible values of the imme-
diate reward, r. A requirement of the 2SRL approach is that the classification/regression
techniques used in the ISQL phase to generate a Q(s, a) function approximation must learn
by dividing the space in regions, so that these regions can be used as a state space discretiza-
tion. In the second phase, the obtained discretizations can be used to tune the action value
function generated in the previous phase, following a multiple (one per action) discretiza-
tion based approach.

Figure 8 shows how to translate the refined function approximation obtained in the first
phase to state space discretization in the second phase of 2SRL. An approximation like
M5-Rules has been used, and L rule sets have been obtained (one for each action).

The left part of the approximator rules RuleSet i will be used as the discretizationDi(s),
and the right part of the rules of RuleSet i will be located in column i of the generated Q
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Iterative Smooth Q-Learning with Regression

• Inputs:

1. A state space X

2. A discrete set of L actions, A = {a1, . . . , aL}
3. A collection T of N experience tuples of the kind < s, ai, s

′, r >, where s ∈ X
is a state where action ai is executed, s′ ∈ X is the next state visited and r is the
immediate reward received

• Generate L initial approximators of the action-value function Q̂0
ai

: X →R, and initial-
ize them to return 0

• iter = 1

• Repeat

– For all ai ∈ A, initialize the learning sets T iter
ai

= ∅

– For j = 1 to N , using the jth tuple < sj , aj , s
′
j , rj > do

∗ cj = αcj + (1− α)maxar∈A γQ̂iter−1
ar (s′j)

∗ T iter
aj

= T iter
aj
∪ {< sj , cj >}

– For each ai ∈ A, train Q̂iter
ai

to approximate the learning set T iter
ai

– iter = iter + 1

Until rmax is propagated to the whole domain

• Return Q̂iter−1
ai

, ∀ai ∈ A

Figure 7. Iterative Smooth Q-Learning algorithm for domains with continuous rewards.

table, providing an initialization of the Q table in the second learning phase.1 Each RuleSet
may have a different number of rules, so the number of rows of the table is given by the
maximum number of rules of the L approximators, and zero values can be used to complete
the columns with less rules.

If we use J48 as the approximation technique, we obtain a classification tree where the
regions of the state space discretization are each leaf of the tree. In Figure 9 we can see how
to use a classification tree as space state discretization in the MDQL phase.

If we use M5 as an approximation technique, we obtain a regression tree where its leafs
have a numerical value. We can use these numbers to initialize the Q table in the MDQL
phase. Each leaf also represents a region of the state space discretization. In Figure 10 we
can see how to use the numbers in the leafs of the tree to initialize the Q table.

Once the translation from the first scheme (ISQL) to the second one (MDQL) is done,
a new learning phase can be executed using the Q-learning update function shown in equa-
tion 1.

The MDQL learning phase can be executed with new experiences or with the same ones
used in the first phase. In the experimentation performed next, the first approach is applied
using new experiences. This second phase can be executed exactly as it was defined in the

1We can also initialize to 0 and do not use the right part of the rules.
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Figure 8. The two steps of the 2SRL algorithm with Regression.

Figure 9. MDQL phase of 2SRL algorithm with classification trees.
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Figure 10. MDQL phase of 2SRL algorithm with regression trees.

original 2SRL algorithm, so additional explanation of this phase, and how to connect both
phases, can be found in [15].

6. Evolutionary Computation and RL

Another category of RL methods are policy search methods. The main difference between
policy search methods and other RL methods lies on how the search for a best policy is
performed. Policy search methods search directly in the space of policies. The advantages
of direct search methods compared to standard RL techniques are that they allow direct
search in the policy space, whereas most RL techniques are restricted to optimize the policy
indirectly by adapting state-action value functions or state-value functions, and they are
usually easier to apply in complex problems and more robust.

In [6], the authors use a policy search method as a technique for finding sub-optimal
controllers when such structured controllers exist. To validate the power of this approach,
they show the presented learning control algorithm by flying an autonomous helicopter. In
a similar way, [26] considers several neuroevolutionary approaches to discover robust con-
trollers for a generalized version of the Helicopter hovering problem. In the same research
line, [20] present a method to obtain a near optimal neuro-controller for the autonomous he-
licopter flight by means of an “ad hoc” evolutionary RL method. Evolutionary algorithms
are powerful direct policy search methods. They has shown promising in RL tasks. In
this section, first evolutionary algorithms are described from a direct policy search method
perspective. Finally, the Evolutionary RL algorithm is explained in detail.
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6.1. Evolutionary Algorithms as Direct Policy Search Method in RL

In Evolutionary Algorithms RL, the solutions take the form of policies used by decision
making agents that operate in dynamic environments. Agents are placed in the world where
they make decisions in response to environmental conditions. The Evolutionary Algorithm
selects policies for reproduction based on their performance in the task, and applies genetic
operators to generate new policies from the promising parent policies.

Evolutionary algorithms learn a decision policy of the form f(s) → a that maps a
state description s to an action a. So, the fundamental difference between Evolutionary
Algorithms and TD methods concerns the decision policy representation. TD methods
define a value function of the form f(s, a)→ v (Figure 11). Evolutionary Algorithm use a
direct mapping that associates state descriptions directly with the recommended action.

Figure 11. Mappings of Evolutionary Algorithms and TD methods.

6.2. Evolutionary RL

In this chapter, we apply an evolution strategy to the adaptation of the weights of artificial
neural networks for RL tasks [20]. In this case, each artificial neural network is used for
representing the policy of an agent. When using neural networks for representing the policy
directly, the neural network weights parameterize the policies space that the network can
learn. This parameterization is usually very complex, since there are strong correlations.
The ability of an optimization algorithm to find dependencies between network parameters
seems to be an important factor of the good performance.

In Evolutionary RL [20], each agent manages a population of N individual solutions
(or candidate solutions). Each individual solution is a artificial neural network, all with
the same topology but different weights. Each neural network receives as input the state
perceived from the environment and the last action and returns as output the action to be
executed. The algorithm evolves towards better solutions using four steps: selection of the
best individual solutions, correlation, soft mutation and strong mutation. This evolution
strategy adapts the weights of the neural networks in every generation. Figure 12 shows the
different steps to evolve a population.

The weights of the initial population are radomly generated and adapted in every evo-
lution. In every generation, each individual solution executes a number of τ episodes ob-
taining the cumulative reward (the fitness in the evolutionary algorithm). When all the
individual solutions have their own fitness, the population is evolved using the evolutionary
operators (i.e. selection of the best individual solutions, correlation, soft mutation and hard
mutation). In the correlation step, the individual solutions are ordered by their fitness or
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Figure 12. Evolutionary RL with Neural Networks.

cumulative reward. The M best individual solutions propagate their weights to the rest of
the population in the way shown in Figure 12. The correlation step is an effective form of
guaranteeing offspring viability since weights can be set in order to generate individuals
very close to one of its parents. In addition, this strategy guarantees the interrelation of the
system since this causes a chain of correlations that propagates over the whole population.
In the mutation steps, the algorithm randomly changes the weights of the last N −M indi-
vidual solutions. In soft mutation this change is a slight change, while in strong mutation it
is a big change. The algorithm is shown in Table 3.

Table 3. Evolutionay RL Algorithm.
Evolutionay RL Algorithm
1. Generate a initial population of N individual solutions

1.1. All the neural networks have the same topology
1.2. The weights are randomly initialized

2. For each individual solution
2.1. The agent interacts with the environment for τ episodes
2.2. Obtain the cumulative reward of this interaction using
the individual solution.

3. Evolve the population, applying
3.1. Selection of the M best individual solutions
3.2. Correlation of the M best individual solutions
3.3. Soft mutation of the N −M individual solutions
3.4. Strong mutation of the N −M individual solutions

4. Return to 2 if the number of evolutions < T

5. Return Population T
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7. Evaluation

RoboCup simulated soccer presents many challenges to RL methods: a large state space,
hidden and uncertain states, multiple and independent agents learning simultaneously, and
long and variable delays in the effects of actions. It has been used as the basis for inter-
national competitions and research challenges [25]. It is a distributed, multi-agent domain
with teammates and adversaries. There are hidden states, meaning that each agent has
only a partial view of the world at any moment. The agents have noisy sensors and actu-
ators, meaning that they do not perceive the world exactly as it is, nor can they affect the
world exactly as intended. In addition, the perception and action cycles are asynchronous,
prohibiting the traditional AI paradigm of using perceptual input to trigger actions. Com-
munication opportunities are limited, and the agents must make their decisions in real-time.
These domain characteristics make simulated robot soccer a realistic and challenging do-
main. In this chapter, we present the results in the Keepaway domain [50], a subtask of
the full and complex RoboCup soccer domain. This subtask of soccer, involves 5-9 players
rather than the full 22. In the next section we describe the Keepaway domain. The next sec-
tions show the results obtained in this domain for the RL algorithms described previously:
VQQL, CMAC-QL, 2SRL and Evolutionary RL.

7.1. Keepaway domain

In this subtask, the keepers try to maintain the possession of the ball within a region, while
the takers try to gain it. An episode ends when the takers gain the possession of the ball or
the ball leaves the playing region. When an episode ends, the players are reset for another
episode. In our experiments each keeper learns independently. From a point of view of a
keeper, an episode consists of a sequence of states, actions and rewards in the form:

s0, a0, r1, s1, ..., si, ai, ri+1 (3)

where ai is selected based on some perception of si. We reward the keepers for each
time step they keep possession, so we set the reward ri to the number of time steps that
elapsed while following action ai−1 : ri = ti− ti−1. The keepers goal is to select an action
such that the remainder of the episode will be as long as possible, and thus maximizes the
total reward.

The state space is composed of several features that can be considered continuous.
These features use information derived from distances and angles between the keepers,
takers and the center of the playing area. The number of features used for each state de-
pends on the number of players. In 3vs2 Keepaway (3 Keepers against 2 Takers) there are
13 features (Table 4).

The action space is composed of two different macro-actions, HoldBall() and
PassBall(ki) where ki is the teammate i. The actions are available only when the keeper is
in possession of the ball. In all the experiments reported, the 3vs2 keepaway is used and the
size of the playing region is 25× 25. In addition, the parameter setting for VQQL, CMAC-
QL and 2SRL, obtained after an exhaustive experimentation, are the following: γ = 1 and
α = 0.125. In all cases, an ε − greedy strategy is applied, increasing the value of epsilon
from 0 (random behaviour) to 1 (fully greedy behaviour) by 0.0001 in each episode.
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Feature Description
dist(K1, C) Distance between Keeper1 and the center of the

playing region.
dist(K2, C) Distance between Keeper2 and the center of the

playing region.
dist(K3, C) Distance between Keeper3 and the center of the

playing region.
dist(T1, C) Distance between Taker1 and the center of the

playing region.
dist(T2, C) Distance between Taker2 and the center of the

playing region.
dist(K1, K2) Distance between Keeper1 and Keeper2.
dist(K1, K3) Distance between Keeper1 and Keeper3.
dist(K1, T1) Distance between Keeper1 and Taker1.
dist(K1, T2) Distance between Keeper1 and Taker2.
Min(dist(K2, T1), dist(K2, T2)) Minimum distance between Keeper2 and Taker1

and between Keeper2 and Taker2
Min(dist(K3, T1), dist(K3, T2)) Minimum distance between Keeper3 and Taker1

and between Keeper3 and Taker2
Min(ang(K2, K1, T1), ang(K2, K1, T2)) Minimum between the ang(K2, K1, T1) and

ang(K2, K1, T2)
Min(ang(K3, K1, T1), ang(K3, K1, T2)) Minimum between the ang(K3, K1, T1) and

ang(K3, K1, T2).

Table 4. The 13 state variables in 3vs2.

7.2. Results of VQQL

In this setting, we use VQ to discretize the state space. First, for each keeper, we design the
vector quantizer composed of N centroids from the input data obtained during a random
interaction between the keeper and the environment. Then, the Q function is learned, using
Q-Learning, generating the Q table composed ofN rows and a column for each action. The
size of the discretized state space is 64. In 3vs2, we obtain the results shown in Figure 13.
The y-axis represent the average time that the keepers are able to keep the ball from the
takers and the x-axis is training time. In the graphs, there are ten learning curves. The
average values raises from 7 seconds up to around 18 seconds.

7.3. Results of CMAC-QL

The intervals of the variables in the 3vs2 case in a 25 × 25 region are defined in Table 5.
In our experiments we use single-dimensional tilings. For each variable, 32 tilings were
overlaid, each offset from the others by a 1/32 of the tile width. For each state variable,
we specified the width of the tiles based of the width of the generalization that we desired.
For example, distances were given widths of about 3.0 meters, whereas angles were given
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Figure 13. VQQL Results.

widths of about 10.0 degrees. This is the same parameter setting used in [50].

Table 5. Number of tiles per tiling.

Feature Interval Tile width Tiles per tiling

dist(K1, C) [0, 17.67] 3 6

dist(K1, K2) [0, 35.35] 3 11

dist(K1, K3) [0, 35.35] 3 11

dist(K1, T1) [0, 35.35] 3 11

dist(K1, T2) [0, 35.35] 3 11

dist(K2, C) [0, 17.67] 3 6

dist(K3, C) [0, 17.67] 3 6

dist(T1, C) [0, 17.67] 3 6

dist(T2, C) [0, 17.67] 3 6

Min(dist(K2, T1), dist(K2, T2)) [0, 35.35] 3 11

Min(dist(K3, T1), dist(K3, T2)) [0, 35.35] 3 11

Min(ang(K2, K1, T1), ang(K2, K1, T2)) [0, 180] 10 18

Min(ang(K3, K1, T1), ang(K3, K1, T2)) [0, 180] 10 18

Then, the size of the primary vector ~θ in 3vs2 is 4224 (x1tiles
+x2tiles

+ ...+x13tiles
). In

our work, we use a separate value function for each of the discrete actions. So there would
be roughly 4224 tiles for the HoldBall() action, 4224 tiles for the PassBall(k1) action and
4224 tiles for the PassBall(k2) action (about 12672 in total). We obtain the results shown
in Figure 14. In the graph, there are ten learning curves. The average values raises from 7
seconds up to around 25 seconds.
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Figure 14. CMAC-QL Results.

7.4. Results of Two Steps RL

We use both M5 (regression) and J48 (C4.5, classification) algorithms to approximate the
Q function for each iteration of the ISQL phase. In the case of J48 [61] we have applied
the original 2SRL algorithm discretizing the reward function by hand and tested different
discretizations to obtain an accurate one. In this section we only show the best results
obtained when we discretize the reward function by hand, using 88 classes. For M5 [61],
we use the continuous rewards adapted version.

The first tuple set was obtained with a random policy working in the keepaway domain.
We tested two different approaches for the approximation. The first approach uses only

one approximation Q̂(s, ai) where the action is an input parameter. The second approach
uses multiple approximations Q̂ai(s), one per action, to approximate the Q function. The
Q table is initialized using the values obtained in the leaves of the M5/J48 tree. In 3vs2, we
obtain the results shown in Figure 15.

For each graph in Figure 15, we can see 10 evolution curves using the same configu-
ration and the same approximation approach. The title at the top of each graph shows the
approximation approach used. The y-axis is the average episode length and the x-axis is
the training time. The J48 curves were generated using the best discretization of the reward
space obtained by hand with 88 classes. We can observe how the policy improves during
the training time.

7.5. Results of Evolutionary RL

In this case, a population of 100 individuals for each keeper is evolved using the evolu-
tionary algorithm. In each generation, each individual plays five episodes in the keepaway
domain. The cumulative reward achieved by playing all individuals in the population deter-
mines the probability that an individual will be selected when the next generation is created.
Each individual is an artificial neural network with 14 nodes in the input layer. Inputs to
each network describe the agent’s current state and the last action selected (13 inputs for the
state features and 1 for the last action selected). There are eight nodes in the hidden layer
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Figure 15. 2SRL algorithm results in Keepaway 3vs2.

and three nodes in the output layer. There is one output for each available action and the
agent takes whichever action has the highest activation.

Each candidate network is evaluated by allowing it to control the keepers’ behavior
and observing how much reward it receives. The policy’s fitness is the sum of the rewards
accrued while under the network’s control. It is necessary to evaluate each member of the
population for many episodes to get accurate fitness estimates. In these experiments, each
policy in keepaway is evaluated for an average of five episodes. Figure 16 shows 10 learning
curves. The average values raise from seven seconds up to around 14 seconds.

7.6. Summary of the Results

The results of the four algorithms described in previous sections (VQQL, CMAC-QL, 2SRL
and Evolutionary RL) are summarized in Figure 17. The graph in Figure 17 shows the
mean and the standard deviation for the different algorithms. We can see the best result is
achieved by CMAC-QL. In this case, the mean value grows from 7 seconds to 25 seconds
approximately. Using the keepaway domain, our experiments show that Q-learning with
CMAC can significantly improve the performance of other techniques. We believe this per-
formance is approximately the optimal solution, as it matches the best results published by
other researchers [50]. In any case, the effectiveness of the CMAC function approximator
combined with Q-Learning is widely demonstrated on several control problems [51].

In the second place, we can see the results obtained by 2SRL when J48 trees is used as
approximation technique. In this case, the mean value raises from 7 seconds up to around
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Figure 16. Evolutionary RL Results.

Figure 17. Mean and standard deviation obtained for the different algorithms in the keep-
away domain.

20 seconds. The discretization is obtained after an exhaustive experimentation evaluating
different discretizations. In contrast, M5 does not need to discretize by hand the reward
space and it obtains similar results than J48. When we use M5 as approximation technique,
the mean grows from 7 seconds to 18 seconds approximately. We are using one state space
discretization per action. This is a difference with previous work based on state space dis-
cretizations that typically use the same discretization for each action. Here we show that in
model free methods where the action-value function, Q(s, a) must be approximated, it is
possible that each action requires a different number of resources or state space discretiza-
tions.

In the third place, we find the results of the VQQL algorithm. VQQL’s mean grows
from 7 seconds to 19 seconds approximately. The results show that VQ is a successful
method to solve the states generalization problem of RL algorithms. The experiments show
how VQ and the generalized Lloyd algorithm allows us to dramatically reduce the number
of states needed to represent a continuous environment (only 64). This technique gives us



A COMPARATIVE STUDY OF DISCRETIZATION APPROACHES 25

more quality in the quantization of this continuous environment.
Finally, we can see the results obtained by Evolutionary RL. In this case, the mean raises

from 7 seconds up to around 12 after 50 hours of training. In section 7.5., the performance
grows from 7 seconds to 14 seconds approximately after 200 hours of training. The results
in the Keepaway task show that Evolutionary algorithms can obtain good policies at the
RL task. In this chapter, a comparison between TD methods and Evolutionary algorithm
is given. A detailed comparison can be found in [53; 60]. These studies conclude that
the choice between using Evolutionary algorithms and a TD method should be made based
on some of the given task’s characteristics. In deterministic domains, the fitness of an
individual can be quickly evaluated and Evolutionary algorithms RL are likely to excel.
If the task is fully observable but nondeterministic, TD methods may have an advantage.
If the task is partially observable and nondeterministic, each method may have different
advantages: TD methods in speed and Evolutionary algorithms in asymptotic performance.

8. Conclusions

This chapter began by suggesting two distinct approaches to solve RL problems with large
or continuous state spaces; one can search in the value function space or in the policy space.
Different TD methods and Evolutionary Algorithms RL, examples of these two approaches,
are reviewed in this chapter. Unfortunately, conventional TD methods cannot be applied
to problems with large or continuous state spaces; some form of generalization is required.
This generalization is carried out in two different ways: by discretizing the state space to use
a tabular representation of the value functions, or by using an approximation of the value
function. As an example of the first approach, the paper reviewed the VQQL algorithm
which use vector quantization to discretize the state space. For the second approach, the
CMAC-QL algorithm, which uses a CMAC function approximator, is explained in detail.
There are even algorithms that use both approaches. The 2SRL algorithm is the algorithm
representative of this category reviewed in this chapter.

In this chapter, we have also shown that the use of vector quantization for the general-
ization problem of RL techniques provides a solution to how to partition a continuous envi-
ronment into regions of states that can be considered the same for the purposes of learning
and generating actions. It also solves the problem of knowing what granularity or place-
ment of partitions is more appropriate. In relation to the CMAC-QL algorithm, this chapter
reviewed the application of Q-Learning with linear tile-coding function approximation to a
complex, multiagent task. CMAC is a function approximation method that strikes an empir-
ically successful balance along representational power, computational cost and ease to use.
The sucess of CMAC in practice depends in large part on parameter choices. The results
obtained by the CMAC-QL algorithm show that RL can work robustly in conjunction with
function approximators.

Then, we have described the 2SRL algorithm, that is composed of two main learning
phases based on two approaches: supervised function approximation, using the Iterative
Smooth Q-learning algorithm, and state space discretization methods, using the Multiple
Discretization Q-Learning. The algorithm has two main advantages. First, the two phases
have shown better results over methods based on only one of the approaches. So, this
method can be applied to approaches which only execute the first phase. For instance, the
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Q-RRL algorithm [12] is a Relational Reinforcement Learning algorithm very similar in
structure to the Iterative Smooth Q-Learning algorithm presented here, but using relational
data instead of feature based data. Furthermore, Q-RRL uses a logical Q-tree to approxi-
mate a Q-table, so a state space discretization is obtained in the same way that was presented
in this chapter for J48 tree or M5. So, a second learning phase could be added over that
state space representation obtained after executing Q-RRL to tune the Q-Learning approxi-
mation obtained. The second advantage is that the number of parameters and/or knowledge
that must be introduced in order the algorithm to work correctly is very low, and hence,
easily applicable to new domains.

Evolutionary RL algorithms is a general purpose optimization technique and can be
applied to a wide variety of problems. We have used an Evolutionary RL algorithm to
perform policy search RL and represent population of neural network action selectors. The
results show that Evolutionary RL can learn good policies in the keepaway domain, though
it requires a high number of evaluations to do so. In this chapter we can see RL problems can
also be tackled without learning value functions, by directly search in the space of policies.
Evolutionary methods, which simulate the process of Darwinian selection to discover good
policies, are one way of conducting this search.

Evolutionary methods have fared better empirically on certain benchmark problems,
especially those where the agent’s state is partially observable [19; 18; 49]. In con-
trast, value functions methods have stronger theoretical guarantees [24; 33]. Evolution-
ary methods have been criticized because they do not exploit the specific structure of
the RL problem. There have been few studies that directly compare these methods [18;
39], and in these studies rarely isolate factors critical to performance of each method [53;
60]. Unfortunately, since the TD and evolutionary research communities are disjoint and
usually focus on different applications, there are no accepted benchmark problems or eval-
uation metrics.
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